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Last time

Probability allows modular models (theories) to weigh against each other:

"Gopher-bot' (fetches things on command)
HEAR-BAW  USER-SAID-GET-BALL

HEAR-BAWK  USER-SAID-GET-BLOCK
Recognizer error: hears BAW' (BALL) for BLOCK

1. Complete rule-based model requires unwieldy sensors, etc.
2. Incomplete r-b model may be wrong; can't interact w. other models.
3. Use probability measure of uncertainty as interface betw. models.
P ball P baw ball P block-point ball
P block P baw block P block-point block
Self-contained speech, gesture models weigh against each other.
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Probability measures certainty of belief

We now know syntax of probability equations:

P User-Said=ball 5

random variable/valuej etc

But what do they mean?
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We now know syntax of probability equations:

P User-Said=ball 5

random variable/valuej etc

But what do they mean?

Short answer: probability is measure of (certainty of) belief

Agent believes “50% of the time, User-Said=Dball will be true,’
or in other words, “Of N ¥ experiments, half would come out “ball: ”




Probability measures certainty of belief

We now know syntax of probability equations:

P User-Said=ball 5

random variable/valuej etc

But what do they mean?

Short answer: probability is measure of (certainty of) belief

Agent believes “50% of the time, User-Said=Dball will be true,’
or in other words, “Of n ¥ experiments, half would come out “ball:

This is a subjectivist de nition, beliefs depend on subject: the agent.
not objectivist: prob. is property of world
not (necessarily) frequentist: prob. only from collected data
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.

Beliefs about hypothetical experiment outcomes must be consistent




Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given

RV values are exhaustive
(Agent knows only n different values for RV)




Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive

RV values are mutually-exclusive
(No reason for RV to have multiple values at once.
Use separate RVs: Weather=rain hail = Rain=yes, Hail=yes)




Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given

RV values are exhaustive

RV values are mutually-exclusive
We can see that

1. 0 P a 1 (nooutcome less than never / more than always)

A

any value of A




Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given

RV values are exhaustive

RV values are mutually-exclusive
We can see that
1.0 Pa 1

2. Pa a 0 (RVvalues mutually-exclusive)

any valueofA\ any other value of A
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. Pa a 0 P a

a 1
any value of A%her values of A

(RV values exhaustive)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given

RV values are exhaustive

RV values are mutually-exclusive
We can see that
1.0 Pa 1

2. Pa a 0 Pa a 1
P contradiction O, P tautolagy 1
(never happens) (always happens)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3.Pp ¢@ Pp Pq if p g pg A

(disjunction is sum for values in same RV domain: mutually exclusive)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3.Pp ¢@ Pp Pqg if p g pg A B

(disjunction is sum for values in same joint domain: mutually exclusive)
eg:P a b a b Pa b Pa b
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3. Pp g Pp Pqg ifp qgpg AB
Pa Pa b Pa b (disjunction of mut-excl joint values)
Pb Pa b P ab (disjunction of mut-excl joint values)
Pa b Pa b Pab P awb (  joint values)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3. Pp g Pp Pqg ifp qgpg AB
Pa Pa b Pa b (disjunction of mut-excl joint values)
Pb Pa b P ab (disjunction of mut-excl joint values)
Pa b Pa b Pab P awb (  joint values)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3. Pp g Pp Pqg ifp qgpg AB
Pa Pa b Pa b (disjunction of mut-excl joint values)
Pb Pa b P ab (disjunction of mut-excl joint values)

Pa b Pa b Pab P awb (  joint values)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1

3. Pp g Pp Pqg ifp qgpg AB
Pa Pa b Pa b (disjunction of mut-excl joint values)
Pb Pa b P ab (disjunction of mut-excl joint values)
Pa b Pa Pb Pa b (substitution)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction 0O, P tautology 1
3.Pa b Pa Pb Pab

More general: covers mutually-exclusive a bsincePa b O
covers non-mutually-exclusive a b as well
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball.
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1
3.Pa b Pa Pb Paob

These Kolmogorov axioms build rest of probability theory.
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1
3.Pa b Pa Pb Paob

1 Pa P a (etb a: mutually exclusive values sum to 1)
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1
3.Pa b Pa Pb Paob

1 Pa P a (etb a: mutually exclusive values sum to 1)
Agent must believe: P User-Said=Dblock )
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Probability/belief must be consistent

P User-Said=ball 5 means “50% of experiments would come out “ball:”
Beliefs about hypothetical experiment outcomes must be consistent

Given
RV values are exhaustive
RV values are mutually-exclusive
We can see that
1.0 Pa 1
2. P contradiction O, P tautolagy 1
3.Pa b Pa Pb Paob

1 Pa P a (etb a: mutually exclusive values sum to 1)
Agent must believe: “Other 50% of experiments would come out block."”
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.

But why do we want consistent beliefs?

24



Probability/belief must be consistent

Consistency of belief is well-de ned in probability.
But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes

Pa 4
PDb 3
Pa b 8
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.
But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes
P a 4

PDb 3

Pa b 8

Not consistent, because:

Pa b P a Pb Pa b
- - - - — — violates 0 P p L
38 4 3 17?
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.
But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes Agent 2 offers

Pa 4 | pay $4 on &, you pay $6 on a
Pb 3 | pay $3 on Db, you pay $7on b
Pa b 8 |pay $2ona b,youpay$8on a b
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.
But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes Agent 2 offers

Pa 4 | pay $4 on &, you pay $6 on a

Pb 3 | pay $3 on Db, you pay $7on b

Pa b 8 |pay $2ona b,youpay$8on a b

Agent 1 will accept this: believes it's a fair game.
(a:60% $HM %$24 + a:40% $6 $24 = $0)
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.
But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes Agent 2 offers a ba b ab a b
Pa 4 a Pl else: $6, $6 6 $M4 M
Pb 3 b: $3,else: $7| $7 $3 $7 $3
Pa b 8 a b:$2 else: $8 $2 $2 $2 $8

$11 $1 $1 $1

Agent 1 loses every time, regardless of actual probabilities!
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Probability/belief must be consistent

Consistency of belief is well-de ned in probability.

But why do we want consistent beliefs?

Inconsistent beliefs make agent easy to swindle:

Agent 1 believes Agent 2 offers a ba b ab a b
Pa 4 a Pl else: $6, $6 6 $M4 M
Pb 3 b: $3,else: $7| $7 $3 $7 $3
Pa b 8 a b:$2 else: $8 $2 $2 $2 $8

$11 $1 $1 $1

Agent 1 loses every time, regardless of actual probabilities!

What about refusing to bet?

Not an option: swindlers at every turn (IRS / tax shelter salesperson)
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

Problem: Agent 1's beliefs

“Of n ¥ experiments, 30% would come out "A=a!”
“Of n ¥ experiments, 40% would come out ‘B=b! "

“Of n ¥ experiments, 80% would come out "‘A=a B=b.

cannot be represented in full joint distribution:

a a a a

P AB b b b Db
> 1?7 4 2

Incoherent: hypothetical experiments have a b less than never!
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: ”
“Of n ¥ experiments, 60% would come out "H=baw.' ”

“Of N ¥ experiments, 45% would come out 'H=baw U=ball.
“Of N ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

P See, Hear, User-Said
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: ”
“Of n ¥ experiments, 60% would come out "H=baw.' ”

“Of n ¥ experiments, 45% would come out ‘H=baw U=ball.
“Of N ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

36 04 09 01 5

P See, Hear, User-Said
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: "
“Ofn ¥ experiments, 60% would come out "H=baw.' ”

“Of N ¥ experiments, 45% would come out 'H=baw U=ball.
“Of N ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

36 03 09 12 6

P See, Hear, User-Said
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: ”
“Of n ¥ experiments, 60% would come out "H=baw.' ”

“Of n ¥ experiments, 45% would come out 'H=baw U=ball.
“Of N ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

36 09 45

P See, Hear, User-Said
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: "
“Of n ¥ experiments, 60% would come out "H=baw.' ”

“Of n ¥ experiments, 45% would come out ‘H=baw U=ball.
“Of n ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

36 03 04 09 12 01 65

P See, Hear, User-Said
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Full joint encodes all consistent beliefs

Beliefs are consistent if describe coherent hypothetical experiment results.

In contrast, Gopher-bot's beliefs

“Of n ¥ experiments, 50% would come out "U=ball: ”
“Of n ¥ experiments, 60% would come out "H=baw.' ”

“Of N ¥ experiments, 45% would come out 'H=baw U=ball.
“Of N ¥ experiments, 65% would come out 'H=baw U=ball.

can be represented in full joint distribution:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

In fact, full joint can represent any set of consistent beliefs!
Full joint is distrib. over atomic events; any proposition is disjunction (sum).

P See, Hear, User-Said
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior probability — add all satisfying atomic events:

P User-Said=Dball é_ P See=s Hear=h User-Said=ball

S See h Hear
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

P See, Hear, User-Said

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior probability — add all satisfying atomic events:

P User-Said=ball

é_ P See=S Hear=h User-Said=ball

S See h Hear

36 04 09 01 50
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior distribution — add all atomic events w. same RV value:

P User-Said q P sh User-Said

S See h Hear
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior distribution — add all atomic events w. same RV value:

u P User-Said=u é P See=s Hear=h User-Said=u

S See h Hear
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior distribution — add all atomic events w. same RV value:

u P User-Said=u é P See=s Hear=h User-Said=u
S See h Hear

ball block
50 50
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute prior distribution — add all atomic events w. same RV value:

u P User-Said=u é P See=s Hear=h User-Said=u
S See h Hear

ball block
50 50

This Is called marginalizing or summing out other RVs (See,Hear).
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute conditional probability — divide joint by condition:
P Hear=baw User-Said=ball
P User-Said=Dball

P Hear=baw User-Said=ball

44



Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bk-pt bk-pt

_ baw bawk baw bawk

P See, Hear, User-Said ball ball ball ball
36 04 09 01

Compute conditional probability — divide joint by condition:
P Hear=baw User-Said=ball

P Hear=baw User-Said=Dball _
P User-Said=Dball

A< see P S baw ball

éS See h HearP S h ball
36 09 45

36 04 09 01 5

9
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute conditional distribution — divide each joint by condition:

P Hear User-Said
P User-Said

P Hear User-Said
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk

P See, Hear, User-Said |\ block ball block ball block ball block

36 03 04 07 09 12 01 28

Compute conditional distribution — divide each joint by condition:
P Hear User-Said

P Hear User-Said

P User-Said
ball block
baw | 9 1

bawk| 3 !
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

P See, Hear, User-Said

bl-pt bl-pt

bl-pt

bl-pt bk-pt bk-pt bk-pt bk-pt

baw baw bawk bawk baw baw bawk bawk
ball block ball

block ball block ball block

36 03

04

o/ 09 12 01 28

Compute conditional distribution — divide each joint by condition:
P Hear User-Said
P User-Said

P Hear User-Said

ball block

baw
bawk

9 1
3 7

This is called conditioning on or normalizing to the condition.
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Beliefs can be calculated from full joint

Full joint can represent any set of consistent beliefs.

Any probability (belief) can be calculated from full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

P See, Hear, User-Said

Compute conditional distribution — divide each joint by condition:
P Hear User-Said

P Hear User-Said

P User-Said
. . PAB
Derive product rule or chainrule: P A B 5B P B (algebra)

PAB P B (above)
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

More ef cient than storing all possible prob. queries.
But full joint is still exponential on number of RVs!
(And many RVs when we start to distinguish RVs by time stamp!)

space ef ciency concerns

If distributions learned, more probabilities require more training data.
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:
Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
P B,S,H,U

B=0ok B=low

S=ball-point S=block-point S=ball-point S=block-point

H=baw H=bawk H=baw H=bawk H=baw H=bawk H=baw H=bawk

ball | block | ball | block | ball |block| ball |[block |ball | block |ball | block | ball |block| ball |block

27 0225 03 0525 0675 09 0075 21 09 0075 01 01/5 0225 03 0025 O7

2% 16 probabilities in distribution!
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:

Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
But look at conditional on battery (B):

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
P SHUB ball block ball block ball block ball block
ok 36 03 04 07 09 12 01 28
low 36 03 04 07 09 12 01 28
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:

Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
But look at conditional on battery (B):

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
P SHUB ball block ball block ball block ball block
ok| 36 03 04 07 09 12 01 28
low 36 03 04 07 09 12 01 28

Note conditional probabillities given B=ok match those given B=low!
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:

Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
But look at conditional on battery (B):

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
P SHUB ball block ball block ball block ball block
ok 36 03 04 07 09 12 01 28
low 36 03 04 07 09 12 01 28

S,H,U are independentof B: P S;HU B P S,HU
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:

Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
But look at conditional on battery (B):

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
P SHUB ball block ball block ball block ball block
ok 36 03 04 07 09 12 01 28
low 36 03 04 07 09 12 01 28

S,H,U are independentof B: P S;HU B P S,HU
By chain rule, indep.: P B,S,H,U PSHUB PB PSHU PB
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Full joint can be factored to save space

Full joint can represent any set of consistent beliefs.

But full joint is still exponential on number of RVs!

Fortunately, sometimes there are simplifying patterns to exploit:

Gopher-bot got a battery (B) — incl. See (S), Hear (H), User-Said (U)
But look at conditional on battery (B):

P S,HU

S,H,U are independentofB: P SHU B P S,HU
By chain rule, indep.: P B,S,H,U

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block

36 03 04 O/ 09 12 01 28

P B

ok low

75 25

PSHU PB Only8 2probs!
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Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

First consider full joint:

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block
36 03 04 O/ 09 12 01 28

P S,HU

Note S and H,U are not absolutely independent (no match cond. on S):

baw baw bawk bawk
ball block ball block
bl-pt 72 06 08 14
bk-pt| 18 24 02 56

PHUS
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Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

First consider full joint:

P S,HU

bl-pt bl-pt bl-pt bl-pt bk-pt bk-pt bk-pt bk-pt
baw baw bawk bawk baw baw bawk bawk
ball block ball block ball block ball block

36 03 04 O/ 09 12 01 28

Then consider conditional distribution on User-Said:

PHS U

bl-pt bl-pt bk-pt bk-pt
baw bawk baw bawk
ball | 72 08 18 02
block] 06 14 24 56

58




Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

Take conditional and look for matches (additionally condition on See)

baw bawk
bl-pt ball | %= 9 -5 1
PHSU |bl-pt block| 5625 3 5o 7
bk-pt ball |5 9 wm 1
bk-pt block| 2% 3 22 7

Check absolute indep. of X: conditionalize joint, look for match.

Check conditional indep. of X: conditionalize conditional, look for match.
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Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

Take conditional and look for matches (additionally condition on See)

baw bawk
bl-pt ball | %% 9 =55 1
PHSU |bl-pt block| s 3 sos 7
bk-pt ball | 2> 9 %5 1
bk-pt block| 2%, 3 522 7

Note conditional probabilities given bl-pt match those given bk-pt!
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Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

Take conditional and look for matches (additionally condition on See)

baw bawk
bl-pt ball | %% 9 =55 1
PHSU |bl-pt block| s 3 sos 7
bk-pt ball | 2> 9 %5 1
bk-pt block| 2%, 3 522 7

Note conditional probabilities given bl-pt match those given bk-pt!

PH SU PHU

61



Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

Take conditional and look for matches (additionally condition on See)

baw bawk
bl-pt ball | %% 9 =55 1
PHSU |bl-pt block| -2 3 5oz 7
bk-pt ball | 2> 9 %5 1
bk-pt block| ;%% 3 52 7

Note conditional probabilities given bl-pt match those given bk-pt!

PHSU P SU _
PHS U PHSU PS U (chainrule)
P SU P U

PHU PSU (cond. indep.)
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Full joint can be factored to save space

RVs may also be conditionally independent.
Look for matches in conditional distrib. instead of joint

Take conditional and look for matches (additionally condition on See)

baw bawk bl-pt bk-pt
PH U ball | 9 1 PS U ball o) 2
block, 3 V4 block| 2 8

H and S are conditionally independent given U:
PHS U PHU PSU

Cond. indep. replaces cubic O n3 distrib. with two quadratic ones O n? .
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Summary

Today we covered

1. Semantics of probability: certainty of belief

2. How to make beliefs consistent: Kolmogorov axioms

3. Why to make beliefs consistent: Agent 1's swindle

4. Ef cient representation of belief: answer any query using full joint

5. Ef cient representation of belief. absolute, conditional independence
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